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1. Introduction
Let X and Y be topological spaces, we consider the space Cp(X, Y ) which is the set of the continuous functions on X
which take values in Y endowed with the pointwise convergence topology. When Y is R we denote it by Cp(X). If we
consider the sequence of spaces Cp(X),Cp(Cp(X)), . . . ,Cp,n(X), . . . , each term is much bigger than the previous one. In
fact, Cp,n(X) become more and more complicated. In order to simplify the notation we deﬁne iterated function spaces by
Cp,1(X) := Cp(X) and Cp,n+1(X) = Cp(Cp,n(X)) for each n  1. Nevertheless, the topological structure of these spaces has
some common properties. A theorem of Arkhangel’skiı˘ [2] states that the network weight of any Tychonoff space X is equal
to the network weight of Cp(X). An immediate consequence is that the network weight of the spaces Cp,n(X) is equal to
the network weight of X . In other cases the situation is only for even natural numbers, so if X is a monolithic space then
Cp,2n(X) is monolithic for each n ∈ ω.
The Lindelöf Σ-property has been widely studied on iterated function spaces. A topological space X is said to be Lindelöf
Σ-space if it is the image of some subset of ωω under an upper semicontinuous compact-valued map [8]. The class of
Lindelöf Σ-spaces is the minimal class which contains all second countable spaces and all compact spaces and is closed
with respect to ﬁnite products, closed subspaces and continuous images. In [11] Sipacheva proved that if X is an Eberlein
compacta (Cp(X) K -analytic and hence, Lindelöf Σ-space) then the spaces Cp,n(X) are Lindelöf Σ-spaces for each n ∈ ω.
Okunev [9] proved that if X and Cp(X) are Lindelöf Σ-spaces then Cp,n(X) is Lindelöf Σ for each n ∈ ω. In [12] V. Tkachuk
gave a description of all possible distribution of the Lindelöf Σ-property in the iterated spaces Cp,n(X). Only the following
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n ∈ ω; (c) Cp,n+1(X) is a Lindelöf Σ-space only for even n ∈ ω; (d) for any n ∈ ω the space Cp,n+1(X) is not a Lindelöf
Σ-space.
The Lindelöf Σ-property in a space X can be interpreted as follows. Let X be a topological space and bX a compacti-
ﬁcation of X , we say that the family of closed sets F = {Ki: i ∈ I} in bX separates X and bX \ X if for every x ∈ X and
x∗ ∈ bX \ X there exists K ∈ F such that x ∈ K and x∗ /∈ K . A space X is Lindelöf Σ-space if there exists a countable
family F of closed sets in bX separating X and bX \ X . Now the question is: what happens in cases in which the smallest
cardinal of a family which separates X and bX \ X is not countable? May the cardinality of these families increase unlimited
when we obtain iterated function spaces? We will prove that the answer is negative. To get our aim, we use the invariant
cardinal function index of Nagami. This cardinal function is close to the ideas of K. Nagami [8] and the cardinal functions
deﬁned by Hödel [6]. It has turned out to be a useful tool to establish relationships between different cardinal functions of
a topological space [3,13]. The index of Nagami, Nag(X) of a topological space X , measures how the space X is determined
by its compact subsets via upper semicontinuous compact-valued maps deﬁned on topological spaces. We observe that good
properties of the index of Nagami allow us to use it instead of the Lindelöf Σ-property in some cases, getting for example
that the index of Nagami is bounded in iterated function spaces. As a consequence of that we will get immediately that
tightness and the Lindelöf number are bounded in iterated function spaces. Open questions are posed.
2. Notation and terminology
All spaces X are assumed to be Tychonoff spaces. Every Tychonoff space has a compactiﬁcation. We denote by bX
a compactiﬁcation of X . βX denotes the Stone–Cˇech compactiﬁcation of X . Our basic references are [2,5,7]. A cardinal
number m is the set of all ordinals which precede it. In particular, m is a set of cardinality m. We assume that to all the
cardinal functions we add the countable cardinal ω. The Lindelöf degree of X , denoted (X), is deﬁned as the smallest inﬁnite
cardinal m such that every open cover of X has a subcollection of cardinality m which covers X . The weight of X , w(X)
is the smallest inﬁnite cardinal for a base of the topology of X . The tightness of a point x in a topological space X , t(x, X),
is the smallest inﬁnite cardinal number m with the property that if x ∈ A, then there exist A0 ⊂ A such that |A0|m and
x ∈ A0. The tightness of a topological space X , t(X) is the supremum of all numbers t(x, X) for x ∈ X . A multi-valued map
φ : X → 2Y is said to be usco if it is compact valued and upper semicontinuous, i.e., for every x ∈ X the set φ(x) is compact,
non-empty and for every open set V ⊂ Y with φ(x) ⊂ V there is an open neighborhood U of x such that φ(U ) ⊂ V . More
about usco maps can be found in [4].
Deﬁnition 2.1. Let X be a topological space. The index of Nagami of X Nag(X) is the smallest inﬁnite cardinal number m for
which there are a topological space Y of weight m and a usco map φ : Y → 2X such that X =⋃y∈Y φ(y).
The following proposition establishes characterizations of the index of Nagami.
Proposition 2.2. Let X be a topological space. The following are equivalent:
(i) Nag(X)m;
(ii) for every compactiﬁcation bX of X there exists a family of closed sets in bX, {Ki: i ∈ I}, with |I| m such that for each pair of
points x ∈ X and x∗ ∈ bX \ X there exists i0 ∈ I such that x ∈ Ki0 and x∗ /∈ Ki0 ;
(iii) there exist a compactiﬁcation bX of X and a family of closed sets in bX, {Ki: i ∈ I}, with |I|m such that for each pair of points
x ∈ X and x∗ ∈ bX there exists i0 ∈ I such that x ∈ Ki0 and x∗ /∈ Ki0 ;
(iv) there exist a compactiﬁcation bX of X and a family of closed sets in bX, {Ki: i ∈ I}, with |I|m such that for each x ∈ X there
exists Ix ⊂ I such that
x ∈
⋂
i∈Ix
Ki ⊂ X;
(v) there exist a compactiﬁcation bX of X and a family {Xi: i ∈ I} of subspaces of bX with |I|m such that Nag(Xi)m for every
i ∈ I satisfying that for every x ∈ X and every x∗ ∈ bX \ X there exists i0 ∈ I such that x ∈ Xi0 and x∗ /∈ Xi0 .
The following proposition shows some of the properties of the index of Nagami which we will use through this paper.
Properties (i)–(iv) can be found in [3].
Proposition 2.3. Let X and Y be topological spaces.
(i) (X) Nag(X).
(ii) If Z ⊂ X is a closed set of X , then Nag(Z) Nag(X).
(iii) Let f : X → Y be an onto continuous function, then Nag(Y ) Nag(X).
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Nag
(∏
i∈ω
Xi
)
max
{
Nag(Xi): i ∈ ω
}
.
(v) Let {Xi: i = 1, . . . ,n}, n ∈ ω be a ﬁnite family of topological subspaces of X , with⋂ni=1 Xi = ∅, then
Nag
(
n⋂
i=1
Xi
)
max
{
Nag(Xi): i = 1, . . . ,n
}
.
3. Main results
Following the argument of Okunev [9] we prove the following proposition.
Proposition 3.1. Let X be a topological space and Y ⊂ Cp(X) be a subspace of Cp(X), then
Nag
(
Cp
(
Y , [0,1]))max{Nag(X),Nag(Y )}.
Proof. Fixed  > 0, δ > 0, n ∈ ω and P ⊂ Y we consider the set
M(, δ,n, P ) = {(ψ, x1, . . . , xn) ∈ [0,1]Y × Xn: ∣∣ψ( f ) − ψ(g)∣∣  for every f ∈ Y , g ∈ P
such that
∣∣ f (xi) − g(xi)∣∣< δ, i = 1, . . . ,n}.
We state that M(, δ,n, P ) is a closed set in [0,1]Y × Xn . We will prove that [0,1]Y × Xn \ M(, δ,n, P ) is open. Let
(ψ, x1, . . . , xn) be an element of [0,1]Y × Xn \ M(, δ,n, P ). Thus, there exist f ∈ Y and g ∈ P such that | f (xi) − g(xi)| < δ,
i = 1, . . . ,n, but |ψ( f ) − ψ(g)| >  . Now we can ﬁnd an open set V in [0,1]Y such that ψ ∈ V and |ψ ′( f ) − ψ ′(g)| >  for
every ψ ′ ∈ V .
On the other hand, f and g are continuous functions and we can get open sets Ui in X with xi ∈ Ui for i = 1, . . . ,n,
such that | f (x∗i ) − g(x∗i )| < δ for every x∗i ∈ Ui and i = 1, . . . ,n. We deﬁne the set V × U1 × · · · × Un , which is open in
[0,1]Y × Xn . The point (ψ, x1, . . . , xn) belongs to it and the intersection (V × U1 × · · · × Un) ∩ M(, δ,n, P ) is empty. We
have proved that M(, δ,n, P ) is a closed set in [0,1]Y × Xn . We now denote by B(, δ,n, P ) the image under the projection
of the space [0,1]Y × Xn onto the ﬁrst factor. Thus, the subspace B(, δ,n, P ) in [0,1]Y consists of all functions ψ ∈ [0,1]Y
for which there is a point (x1, . . . , xn) ∈ Xn such that (ψ, x1, . . . , xn) ∈ M(, δ,n, P ). Using Proposition 2.3(iv), we have that
Nag([0,1]Y × Xn) Nag(X), for being [0,1]Y compact. By Proposition 2.3(iii) we have that Nag(B(, δ,n, P )) Nag(X), be-
cause Nag(M(, δ,n, P ))  Nag(X) and the projection is a continuous map. Now we can ﬁnd a topological space Z with
w(Z)  Nag(Y ) and a usco map φ : Z → 2Y such that Y = ⋃z∈Z φ(z). Let O = {O i: i ∈ I} be a base for the topology
of Z such that |I|  Nag(Y ). We consider the family F = {B(, δ,n, φ(O i)): , δ ∈ Q+, i ∈ I}, where Q+ denotes the
positive rational numbers. We will show that the family F separates Cp(Y , [0,1]) and [0,1]Y \ Cp(Y , [0,1]), and hence
we will have that Nag(Cp(Y , [0,1]))  max{Nag(X),Nag(Y )}, by Proposition 2.2(v). We consider ψ ∈ Cp(Y , [0,1]) and
ψ ′ ∈ [0,1]Y \Cp(Y , [0,1]). ψ ′ is not continuous, then there exist a continuous function g0 ∈ Y and 0 ∈Q+ such that for any
δ > 0 and x1, . . . , xn ∈ X there is a function f ∈ Y for which | f (xi) − g0(xi)| < δ for i = 1, . . . ,n and |ψ ′( f ) − ψ ′(g0)| > 0.
Let z0 be an element of Z such that g0 ∈ φ(z0). Since φ(z0) is a compact set we can ﬁnd x1, . . . , xn0 ∈ X and
δ0 ∈ Q+ such that if f ∈ Y , h ∈ φ(z0) and | f (xi) − h(xi)| < 2δ0 for i = 1, . . . ,n0, then |ψ( f ) − ψ(h)| < 0. We deﬁne
U = { f ∈ Y : there exists h ∈ φ(z0) such that |h(xi)− f (xi)| < δ0, i = 1, . . . ,n0}. It is clear that U is open in Y and φ(z0) ⊂ U .
For being φ usco there exists i0 ∈ I such that φ(z0) ⊂ φ(O i0) ⊂ U . Let f be an arbitrary element of Y and g ∈ φ(O i0)
such that | f (xi) − g(xi)| < δ0, i = 1, . . . ,n0. Thus g ∈ U and hence there exists h ∈ φ(O i0 ) such that |h(xi) − g(xi)| < δ0 for
i = 1, . . . ,n0. Then | f (xi)−h(xi)| | f (xi)− g(xi)|+ |g(xi)−h(xi)| < δ0 + δ0 = 2δ0, for i = 1, . . . ,n0. Then |ψ( f )−ψ(h)| < 0,
and ψ ∈ B(0, δ0,n0, φ(O i0)). Finally g0 ∈ φ(z0) ⊂ φ(O i0) and we obtain (ψ ′, x′1, . . . , x′n0 ) /∈ M(0, δ0,n0, φ(O i0 )) for any
(x′1, . . . , x′n0 ) ∈ Xn0 . As a consequence of that we have that ψ ′ /∈ B(0, δ0,n0, φ(O i0)) and we obtain the result that we were
looking for. 
The following result generalizes the theorem of V.V. Uspenskiı˘ [2, IV, 9.3].
Theorem 3.2. Let X be a topological space. Then there exists a topological space L such that Cp(X) ⊂ L ⊂RX with Nag(L) Nag(X).
Proof. Let Y be a topological space with w(Y )  Nag(X) and φ : Y → 2X a usco map such that X =⋃y∈Y φ(y). Let O ={O i: i ∈ I} be a base of the topology of Y with |I|  Nag(X). We consider the family S = {φ(O i): i ∈ I}. A real valued
function f on X (not necessarily continuous) is called S-bounded at a point x ∈ X if there is i ∈ I such that x ∈ φ(O i) and
f (φ(O i)) is an R-bounded set. If a function f : X → R is S-bounded in every x ∈ X , it is called S-bounded. Every real
valued continuous function f on X is S-bounded. For x ∈ X we can take s ∈ Y such that x ∈ φ(s). Now φ(s) is compact
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with φ(s) ⊂ f −1(V ). Since φ is usco there exists O i ∈ O such that φ(O i) ⊂ f −1(V ), thus f is bounded on φ(O i). We
consider the subspace L of RX consisting of all S-bounded functions on X . Thus, Cp(X) ⊂ L ⊂ RX . Finally, we will prove
that Nag(L) Nag(X). Let R= R ∪ {−∞,∞} be the natural compactiﬁcation of R homeomorphic to the interval [0,1]. In
particular, RX is a compactiﬁcation of L. For every n ∈ ω and i ∈ I we deﬁne Fn,i = { f ∈RX : f (φ(O i)) ⊂ [−n,n]}. It is clear
that Fn,i is closed in RX . The family F = {Fn,i: n ∈ ω, i ∈ I} has cardinality |F |  |I|. To prove that Nag(L)  Nag(X) we
will prove that for every f ∈ L and g ∈ RX \ L there exist n ∈ ω and i ∈ I such that f ∈ Fn,i and g /∈ Fn,i . Since g is not
S-bounded, there exists x ∈ X such that g(φ(O )) is not bounded in R for every O ∈ O which contains x. On the other hand,
f is S-bounded and hence there exists O i ∈ O such that x ∈ φ(O i) and f (φ(O i)) is bounded. Thus, there exists n ∈ ω such
that f (φ(O i)) ⊂ [−n,n], so f ∈ Fn,i , but g /∈ Fn,i . 
Proposition 3.3. Let X be a topological space, then
Nag
(
Cp(X)
)
max
{
Nag
(
Cp
(
X, [0,1])),Nag(X)}.
Proof. By Theorem 3.2 we have that there exists a space L such that Cp(X) ⊂ L ⊂ RX and Nag(L)  Nag(X). Let R =
R∪ {−∞,+∞} be the canonical extension of R, which is homeomorphic to [0,1]. The spaces Cp(X), RX and Cp(X,R) are
subspaces of RX .
Cp(X) ⊂ L ∩ Cp(X,R) ⊂RX ∩ Cp(X,R) = Cp(X).
Now by Proposition 2.3(iv) we conclude that
Nag
(
Cp(X)
)
max
{
Nag
(
Cp(X,R)
)
,Nag(X)
}
and the proof is ﬁnished. 
Theorem 3.4. Let X be a topological space and Y ⊂ Cp(X) be a subspace of Cp(X), then
Nag
(
Cp(Y )
)
max
{
Nag(X),Nag(Y )
}
.
Proof. The proof follows using Propositions 3.1 and 3.3. 
Corollary 3.5. Let X be a topological space and Y ⊂ Cp(X) be a subspace of Cp(X), then for each n ∈ ω
Nag
(
Cp,n(Y )
)
max
{
Nag(X),Nag(Y )
}
.
As an immediate consequence we obtain that in iterated function spaces the index of Nagami is bounded.
Corollary 3.6. Let X be a topological space, then for each n ∈ ω
Nag
(
Cp,n(X)
)
max
{
Nag(X),Nag
(
Cp(X)
)}
.
In the countable case we obtain immediately Sipacheva’s result, since for X compact and Cp(X) K -analytic we have that
both verify the index of Nagami is countable, hence iterated function spaces too.
Corollary 3.7. Let K be an Eberlein compacta, then Nag(Cp,n(K )) is countable for each n ∈ ω, that is Cp,n(K ) is Lindelöf Σ-space.
Corollary 3.8. Let X be a topological space and Y ⊂ Cp(X) be a subspace of Cp(X), then for each n ∈ ω

(
Cp,n(Y )
)
max
{
Nag(X),Nag(Y )
}
.
In particular, the Lindelöf number is bounded in iterated function spaces.
Corollary 3.9. Let X be a topological space and Y ⊂ Cp(X) be a subspace of Cp(X), then for each n ∈ ω
t
(
Cp,n(Y )
)
max
{
Nag(X),Nag(Y )
}
.
In particular, the tightness of iterated function spaces is bounded.
Proof. It is obvious using the theorem of Arkhangel’skiı˘ [2, II.1.1], Corollary 3.9 and Proposition 2.3(iv). 
Open problem 1. Let X be a topological space and m an inﬁnite cardinal number, it is true that if Nag(Cp(X))  m, then
Nag(Cp,2n+1(X))m for each n ∈ ω? Tkachuk [12] proved that the answer is true for m= ω.
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In this section we consider the relationship between the index of Nagami of a space and the Hewitt m-extension of a
topological space. We need some deﬁnitions, see [2].
We say that a set A ⊂ X is of type Gm in X if there is a family γ of open sets in X such that A = ∩γ and |γ |m. A set
A ⊂ X is called m-placed in X if for each point x ∈ X \ A there is a set P of type Gm in X such that x ∈ P ⊂ X \ A. If a
space X is m-placed in some compactiﬁcation bX of it, then X is m-placed in βX .
Deﬁnition 4.1. Let X be a topological space. A Hewitt m-extension of a topological space X is the subspace υmX of βX
consisting of all x ∈ βX for which every set of type Gm in βX containing x intersects X . When m= ω we denote it by υ X .
Deﬁnition 4.2. Let X be a topological space. The Hewitt–Nachbin number of X , q(X) is given by
q(X) = min{mω: X is m-placed in βX}.
When q(X) = ω we say that X is a realcompact space.
Let X and Y be topological spaces and m an inﬁnite cardinal number, a map f : X → Y is called m-continuous if for
every subspace A of cardinality at most m the restriction map f |A : A → Y is continuous. The functional tightness tθ (X) of
a space X is the smallest inﬁnite cardinal m such that every m-continuous function on X is continuous [1]. The reason for
the introduction of the former deﬁnition is because q(X) is equal to tθ (Cp(X)), see [14,1], and now being in mind that the
functional tightness of a topological space is always less or equal that the tightness, tθ (X) t(X) [2, Proposition II.4.2], we
obtain the following result.
Proposition 4.3. Let X be a topological space, then q(X) Nag(X).
Proof. Since q(X) = tθ (Cp(X)) t(Cp(X)). Now using that t(Cp(X)) Nag(X) we obtain the inequality. 
The following statement generalizes a result of Okunev [10].
Theorem 4.4. Let X be a topological space, then Nag(υ X) Nag(Cp(X)).
Proof. By Theorem 3.2 there is a space L such that Cp(Cp(X)) ⊂ L ⊂ RCp(X) and Nag(L)  Nag(Cp(X)). The space X is
homeomorphic to the space X ′ = e(X) ⊂ Cp(Cp(X)), where e : X → Cp(Cp(X)) is the map given by e(x) :Cp(X) →R where
e(x)( f ) = f (x) for each f ∈ Cp(X).
The closure of X ′ in L is a realcompact space [5, p. 218] and Nag(X ′L)  Nag(L)  Nag(Cp(X)), in fact υ X ′ = X ′L and
hence we have that υ X is homeomorphic to υ X ′ and
Nag(υ X) Nag
(
Cp(X)
)
. 
The following question arises having a look to the results.
Open problem 2. If Nag(Cp(X))m, what happens with Nag(υλX) for ω < λm? Is it bounded by the same cardinal?
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